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1.0 ABSTRACT

This report describes an attempt to solve the two-dimensional problem

of a body performing steady translation near a free surface. The aim was to
solve the problem in Its full generality wi thout any linearizations or small-
perturbation assumptions. The method of solution is based on Iterative use
of the well-known surface singularity technique and thus , If successful , the
method could be generalized to three dimensions . At each stage of the pro-
cedure the free-surface shape is assumed known and the singularity strength
adjusted to satisfy the constant-pressure boundary condition . In general ,
the normal velocity on the free surface is not zero. The free-surface shape
is then altered by some algorithm , and the procedure is iterated to obtain
zero normal velocity. The key to this approach is the iterative algori thm.

Various algorithms were tested by applying them to the problem of a submerged
point vortex and comparing the free-surface shape obtained in convergent
cases with published resul ts. After considerable experimentation , a procedure
was devised that gives very good results as long as the wave heights are not
too large. For large wave heights , convergence could not be obtained, and
some as yet undiscovered change in the method Is needed.
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4.0 PRINC IPAL NOTATION

A ..
~
Bi respectively, the normal and tangential components of velocity

~ ‘~ at the i-th control point due to unit vorticity strength on
the j-th element

g accelera tion of gravity

h depth of submergence of a point vortex

K strength of the point vortex. Equals r/2~
S surface of a two-dimensional submerged body

U freestream veloc ity

V veloc ity along the free surface

VNI,VTI respectively, the normal and tangential components of velocity at
the i-th control point

VVN II VVT 1 respec tivel y, the normal and tangential components of the velocity
Induced by a point vortex and its Image (if any) at the i -th
control point

x ,y respectively, horizontal and vertical coordinates

Xj.Yj coordinates of points that define the free-surface shape. Endpoint
of a surface element.

loca tion of upstream term ina tion of the flat
X
N location of downstream termination of the free surface

location of downstream termination of the flat and the beginning of
the norma l port ion of the free surface

slope angle of the i-th surface element

- Ax spacing of points along the free surface. Equals —

6 when used in front of a quantity, denotes a small change in that
quanti ty

r circulation due to a point vortex

vertical location of the free surface

vorticit~y strength at center of the J-th surface element

relaxation factor to aid convergence of the Iterative process,
equation (13)

4
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5.0 INTRODUCTION

The problem of interest is that of the steady transl ation of a body in the
presence of a free surface. The fluid below the free surface is inviscid and
incompress ib le , and the flow is irrotatlonal so that it Is a potential flow
governed by La place ’s equation . The fluid pressure is constant all over the
free surface. In three-dimensions this problem finds its chief application
in the calculation of wave resistance both for surface ships (the surface-
piercing case) and for undersea vehicles (the submerged case). In two dimen-
sions the flow about hydrofoils is the chief appl i cation. Al though the problem
of main practical interest is the three-dimensional one, because of its very
formidable nature, the present effort has been devoted to the two-dimensional
prob lem, where the only solution techniques considered are those with direct
three-dimensional analogies.

The intention is to attempt to solve this problem in its full generality,
i .e. wi thout any assumptions of small perturbations in regard to either the
body or the free surface. This is a nonlinear problem because the location of
the free surface is unknown and must be solved for as part of the problem . The
method of solution to be used is the surface-singulari ty approach (reference 1),
which utilizes singularity distributions — source, dipole, vorticity —on the
surface of all bodies and on the true location of the free surface. This is
in contrast to small-perturbation approaches that use singularity distributions
interior to the bodies and/or on the undisturbed location of the free surface.
In the sur face s ingular ity approach , the strengths of these singularities are
determined from the boundary conditions in terms of integral equations, which
are approximated by matrix equations for numerical implementation . The singu-
lari ties used are of the s i mple “Rankine type,” which are appropriate for
problems without a f ree surface . For example , the point source potential is
log(l/r), where r is distance between the source and the point where the

• potential is evaluated.

5
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6.0 GENERAL DESCRIPTION OF THE FLOW PROBLEM

It is supposed that a body Is translating parallel to a free surface
wi th uniform veloci ty U. By superimposi ng the negative of the body ’s trans-
lationa l vel ocity on the entire velocity field , the problem can be stated as
shown In figure 1. The body surface S, which may be multiply-connected ,
is stationary in the presence of a un iform onset flow of magnitude U parallel
to the positive x-axis. Above the body at a location y ~(x) that must be
determined is the free surface, which is a streamline of the flow along which
the pressure is constant. The flow field for y < n( X ) is a potential flow,
which has zero normal velocity on S and approaches the uniform ‘freestream
for x -~~ or y -. -~~. (For definiteness, the infinite-depth case is con-
sidered, but the finite-depth case could be handled by use of a singl e Image
of the body and free surface.) The undisturbed position of the free surface
is y = n = O .

If the tangential velocity at any point on the free sur~~ e is denoted V ,
the constant-pressure condition can be written

or 

V 2 
+ 2gn U2 (1)

V ‘lU2 — 29n (2)

where g is the acceleration of gravity .

To solve this problem by a surface singulari ty approach , the body surface
S Is cove red wi th a source density distribution. (There is also vorticity to
produce circulation about S in lifting cases.) The f ree surface is covered
with ei ther a source or a vorticity distribution. The two distributions , i.e.
on the body and the free surface , are determined f rom the boundary conditions
on the body and f ree surface . However , there are three boundary conditions ,
I.e. zero normal velocity on S and on y • f l (X )  and constant pressure on
y a n(x). Thus , two singularity distributions are insufficient , and an
additional “degree of freedom” is necessary . This is the location y •
which Is determined from the boundary conditions along with the source and
vorticity distributions.

6
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The surface singularity method requires that the locations of all boundaries
be known. The free-surface problem must be attacked by iteration. At any
stage the location of the free surface is assumed and a flow calculation is
performed. Presumably one (or both ) of the boundary conditions on the free
surface are not satisfied. Based on some algorithm the location of the free
surface is then changed , and the calculation is repeated. The above process
is i terated until convergence (in some sense) is obtained . The algorithm for
al tering the free-surface location Is highly nonunique. Many possibilities can
be postulated and probably most of them lead to a divergent process. The main
task in apply ing the surface singularity method to the free-surface problem is
selection of a convergent algorithm. This is somewhat similar to the classic
inverse prob lem, where the velocity distribution on a surface is specified and
the surface shape must be computed. However, this latter problem turns out
to be much simpler. Al gori thms that work for it fai l for the free-surface
problem.

Basically the calculation can proceed in one of two general ways. At each
stage it can satisfy the condition of zero normal velocity on S and on y • n(X)

and then Iterate to obtain constant pressure on y fl (X). Al ternatively, at
each stage It can satisfy the condition of zero normal veloci ty on S and the
conditi on of constant pressure on y — ~ (X) and then iterate to obtain zero
normal velocity on y = fl(x). While both possibilities must be kept In mind,
It is the second one that has been used successfully in inverse problems, and
it has been given principal attention . Similarly either a source or a vorticity
distribution may be used on the free surface . In the present work the use of a
vortex distribution on the free surface has proven more effective This is to
be expected if the calculation first fixes tangential velocity as in the second
al ternative above, because of the powerful local effect of vorticity on local
tangential velocity. However, the first alternative above was implemented using
sources which have a powerful local effect on normal velocity, without success.

Strictly speaking, it is not sufficient to consider only the free surface
and the body as boundaries of the problem. The domain should be closed by the
addition of three more boundaries: (1) an x = constant boundary at a large
negative value of x on which freestream conditions (normal velocity equal to
U) are prescribed; (2) a y = constant boundary at a large negative value

I ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
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of y on which zero normal velocity Is prescribed; and (3) an x — constant
boundary at a large positive value of x on which a “radiation condition” of
downs tream waves is appl i ed . However , the philosophy tha t was followed in the
present work was to try the simpler approaches first and to add compl ications
only when these simpler approaches proved inadequate . Accordingly, the above
three additional boundaries were i gnored in most of the work to date. This
is equivalent to the assumption that these boundaries will have weak enough
sinulari ty strengths to give a negligible effect in the vicinity of the body.
Almost certainly this is true for boundary (2).

Boundaries (1) and (3) together with the conditions applied on them
imply, respectively, that no waves propagate upstream and that waves do
propagate downstream. Thus , for example , if a particular cal culation scheme
that ignored these boundaries did not yiel d a wave-like free-surface shape,
the inclusion of the downstream boundary (3) would be a possible remedy. As
will be seen in subsequent sections, the present method does not suffer from
this defect, but all forms of the method yield wave-l ike free surface shapes.
Accordingly, the downstream boundary (3) was never considered. On the other
hand , the present method does have a tendency for upstream waves to form under
certa in cond iti ons , and an upstream boundary (1) was tried as a remedy.
Unfortunately this attempt was not successful .
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7.0 THE PROTOTYPE PROBLEM

To conserve computing time during the search for a convergent i teration

algorithm , the mechanism responsible for disturbi ng the free surface has been
taken as a submerged point vortex , as shown in Figure 2, rather than a lifting

body, as shown in Figure 1. Some distance from the body its velocity field
approaches that of a point vortex , so this appears to be a reasonable approxi-
mation . In any case ~t l~ known from the literature that the shape of the free
surface due to a submerged point vortex is qualitatively similar to that due
to a submerged lifting body . Thus, it seems likely that any proposed iteration
algori thm for determining the free-surface shape would either converge for
both a point vortex and a lifti ng body or diverge for both. The saving in
computing time comes from the fact that only the free surface need be defined
by surface elements . Thus, the order of the matrices that must be formed and
solved Is reduced . Another important reason for considering the point vortex
is that this case has been considered by previous investigators , notably
von Kerczek and Salvesen (references 2 and 3). Thus, sol utions obtained by the
present method of this v eport can be compared with theirs to yield an essential
quantitative test of accuracy . However, It should be noted that the results of
references 2 and 3 have been obtained for a finite fl~1d depth of 9.5 feet, so
that perfect agreement with the infinite-depth results of the present method
cannot be expected.

The essentials of the point vortex pi’oblem are illustrated in Figure 2.
The vor tex , which has a strenfth K, Is loca ted at the poi nt x = 0, y — -h.
Here K = r/2~, where r is the circulation . The problem has been addressed
both with and without an image vortex of equal and opposite strength at the
point x = 0, y = +h, and it was encouraging to note that the convergent
algorithms yielded exactly the same results in both cases. Duri ng most of
the work to date, an image vortex was included . All cases follow references 2
and 3 in using a freestream velocity U of 10 feet per second and a submerg-
ence depth h of 4.5 feet. Various vortex strengths K are considered,
which lead to various wave heights . During most of the present effort only
reference 2 , not reference 3, was available. Reference 2 considers only the
two vortex strengths K = +1.15 and K = -1.4. Thus most of the testing of
the present method was carried out at these val ues of K, which are denoted

9 
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the standard vortex strengths. After a successful al gorithm had been devised
for these strengths, it was applied to cases having larger values of K and
thus larger wave hei ghts, for which , unfortuna tely, it proved less successful .

During an early stage of development of the present method the free surface
was represented by a singularity distribution , source or vort icity, from
to x (Figure 2). For a gi ven free surface shape the singularity strengths
were adjusted to satisfy one boundary condition (constant pressure or zero
normal velocity ) and the free-surface shape was iteratively adjusted to satisfy
the other boundary condition (Section 6.0). In a later, more successful , form
of the method the portion of the free surface from x0 to XN was treated as
described above, but in additi on the free surface from XM to x0 (F igure 2)
was represented by both source and vortex singularities , whose strengths were
adjusted to satisfy both boundary conditions . The portion of the free surface
from to x0 was constrained to lie along the x-axis wi th zero normal
velocity and a tangential velocity of U. The physical variables are U, h,
and K. The “n umer ical variables ” are XM, x0, X N~ 

an d the eleme nt length
= xj+l 

— x~ which is used to define the free surface. In all cases pre-
sented, a constant spacing has been used , and Ax is a single nunter.

p
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8.0 THE SURFACE SINGULARITY METHOD

To implement the surface singularity method of reference 1, the free

surface or its approximation is represented by a set of points (X
j~ ~

) as
shown in Figure 2. During the course of iterating for the free-surface shape,
the x,~ rema in fixed and the yj  are altered. The portion of the surface
between two successive points (xj~ yj ) and (x

~+1~ Yj+i) is a surface ele-
ment on which singulari ty is distributed. In the “first-order” version of the
method the surface element is a straight line from (x j~ y3

) to (x3~1, Yj+1)
on which the singulari ty is constant. In the more accurate “higher-order”
version (references 1 and 4) the element is a parabola and the singularity
varies linearly. Boundary conditions are applied at a single control point
(i~~, 5’.~

) of each element , and this point is the midpoint of the element in
both versions . -

Al though both source and vorticity distributions have been used on the
portion of the free surface from x0 to for definiteness the method is
outl ined below for the case when vorticity is used. This choice of singularity
yields the only effecti ve procedure . Moreover , for simplicity the case when
no “f lat” is employed from XM to x0 is described first. Let denote
the vorticity strength at the control point of the jth element, and let A1~
and B~ be, respectively, the normal and tangential components of velocity
at the control point (

~~, ~
) of the ith element due to a unit value of vor-

ticity at the control point of the j th element. Explicit formul as for these
quantities are presented in references 1 and 4 and will not be repeated here.
The onl y difference between the Ai~ 

and 
~~ 

for sourc e and vortici ty dis-
tributions is that the components are interchanged with one sign changed
(depend ing on the sign convention). Further , let VvNi and 

~vTi be ,
respectively, the normal and tangential components at (

~~
, 

~
) due to the

point vortex and its image (if any). Then the total normal and tangential
components of velocity at (i

~~~, ~~
) are

• VNI =EAi~~ 
— U sina1 + VVNI

V1.~ =EB~~ii,~ 
+ U CoSc*1 + Vvii (4)
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where is the slope angle of the ith element as shown in Figure 2, and
where the sununatlons are over all elements . The equations that must be
satisfied are

• VNI O (5 )

~Ti 
= ~u2 —2g 1 V~(~~) (6)

In the vorticity procedure the free-surface shape is assumed , and the are
obtained as solutions of the simultaneous linear equations (6) with left sides
given by (4), i.e. the Uj  are determined to satisfy the constant-pressure
boundary condition. These values are then used in (3) to cal culate normal
velocities , which are not, in general , equal to zero. An iterative algorithm
is then applied to alter the free-surface shape.

— - 
- -  
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9.0 iTERATION ALGORITHMS

9.1 Local Algori thms

The simplest algori thm computes the change of slope angle of each
element as

— tan
~~

(V NI /VTj)

These are added to the to obtain new c*.~, whi ch in turn are used to cal-
culate new y1 successively beginning wi th the fi xed upstream value (x 0,0).
Then the entire ca lculation is repeated. For low-slope shapes similar to a
free surface , this algori thm conve rged for the classical inverse problem of
potential flow , in which the prescribed val ue of tangential velocity at each

~~~~~‘ ~
) is independent of l ocat ion , but it diverges In the present appl ica-

tion . Evidently the y-dependence of the prescribed velocity in equations (6)
greatly complicates the problem.

This algori thm may be called local because the local slope correction is
determined from the local deviation of the calculated results from the satis-
faction of the boundary condition. Three such algorithms have been investi-
gated , including one based on source singulari ty, and all diverged.

9.2 Global Al gori thms

To obtain convergence it is necessary to employ a q]pbai iterative algo-
rithm which considers the effects at other elements of a change in and
which simul taneously computes (to first order) changes in slope angle and
vorticity st rength that correct the normal vel ocities while maintaining the
cons tant pressure cond iti on on all elements . It should be emphasized that the
final converged shape is not In any sense a small-perturbation solution . While
smal l-perturbation formulas are used to compute shape corrections , each itera-
tion performs a full potential-flow solution In the sense of reference 1. Thus ,
the converged solution has the correct normal velocity (zero) and the correct
tangential velocity for constant-pressure. Deviations , if any , of the computed
shape from the correct shape can only be due to nonuniqueness of the basic
problem and to numerical discretization , namely the finite length of the ele-
ments and the finite locations of the xMl x0 and XN.

13
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Basically, a change of shape of the free surface affects the local veloc-
ities in four ways :

1. Rotation of the loca l surface through a fixed velocity field.

2. Change of vorticity strength wi th fixed induced-velocity matrices.

3. Change of induced-velocity matri ces wi th fixed vorticity strengths.

4. Effect of vertical translation on vortex velocity and on the constant
pressure boundary condition.

The local iterative algori thm accounts only for effect 1, whi le the global algo-
rithm below accounts for effects 1, 2, and 4. Experience indicates that effect
3 may be ignored safely if surface slopes are as low as those occurring in

• surface wave problems .

When the free-surface shape Is al tered, first-order changes in the velocity
components (3) and (4) are

6V Ni 
= EA 1~ 6u~ 

— (V TI 
— Bijuj)&zi + 

~~ ~ vNi~ ’~’i 
(8)

6V~j = EBIJ~~ 
+ V Ni 6ai + .~I.— (V vTi )6

~1 (9)

A simple geometr ic calculation

6~i = (10)

expresses the first-order changes in vertical displacement in terms of slope
angle changes . The conditions to be satisfied are

6
~Ni 

= _V
Ni (11)

= ~v1(~~) —

~

--- (V 1(~1)]~~1 (12)

Using (8), (9) and (10) in (11) and (12) gives a set of linear equations for
and the latter of which yields a new free-surface shape by

means of the formula

Yj  = 

~‘j -l 
+ AX tan(ct3 

+ ~6a,~) (13)

y0 — O  at x — x 0

14
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~~ where p is a “relaxation factor” used in some cases to improve convergence .
The flow calculation is then repeated for the new shape, and an iteration is
performed.

In all cases the initial approximation to the free-surface shape is the
undisturbed location of the free surface y - 0.
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10.0 FIRST-ORDER REPRESENTATION OF THE FREE SURFACE WITH NO FLAT

The initial form of the global algori thm fixed the upstream end of the free
surface at x — x0, y = 0 (Figure 2) and applied the above equations to the
entire free surface from x0 to XN. Some of the results obtained for the free-
surface shape are compared with cor responding results from reference 2 in
FI gures 3 and 4.

One very gratifying result Is evident from these figures, iia~ely that the
present calculations yield wa ves . This was not at all obvious a priori . A
monotonic shape might have been obtained. However , the one constant ly occur-
ring result in applying the present method is that it always gives waves, even
in divergent cases. Moreover , the waves have approximately the correct wave
lengths .

While the results of Figures 3 and 4 are not absurd , they are clearly
unacceptable as resul ts of a method of quantitative prediction . However ,
attempts to improve the results by decreasing the point spacing Ax led to
divergence. In fact , any change in Ax led to divergence . The iterations
only converge for ~x = 1 , a clearly unacceptabl e situation that requires a
new approach.

This approach was also implemented wi th sources, but it diverged inmiediately.

A basic problem wi th this approach is illustrated in Figure 4, where the
solution obtained by the present method exhibits an erroneous peak at negative
values of x. This occurred in all of the badly inaccurate converged cases
l ike that of Figure 4 and also in the divergent cases. When this peak was
absent,relatively accurate solutions were obtained like that of Figure 3. Thus
suppression of the peak at negative val ues of x was pursued as the means of
improving the solution. Apparently this phenomenum is related to the unique- 

•

ness question discussed in Section 6.0. Presumably, the peak at negative values
of x represents a form of upstream wave propagation, which must be suppressed
by applying additional boundary conditions at negative values of x.

~~~~~~~~~~~
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11.0 FIRST-ORDER REPRESENTATION OF THE FREE SURFACE WITH AN INITIAL FLAT

To el iminate the peak at negative values of x and render the calcula-
tion more stable, the free surface is preceeded by an in it ial “f lat” that is
constrai ned to lie along the x-axis, as described in Section 7.0. Specifically,
the portion of the free surface from x,,~ to x0 (Figure 2) is required to lie
along y - 0, and the tangential velocity is required to equal the freestream
velocity U. The remainder o~ the free surface from x0 to XN is trea ted
as described above. On XM < x < x0 both source density and vorticity are
used to handle the two boundary conditions , and the above iterative equations
are modifIed in that region to account for two singularity changes with no
change of shape. Some cases that diverge with a short flat can be made to con-
verge by lengthening the flat. It was found by numerical experiment that as
long as the flat has the minimum length necessary to ensure convergence, further
increase in the length of the flat has virtually no effect on the results.
Computed results are presented for flats of sufficient length without specif-
ically listing that length . Usually XM 

— -20 is sufficient. Moreover,
unless otherwise stated the end of the flat x0 is at -10.

Calculated results for the two standard vortex strengths are shown in
Figures 5 and 6 for a very short representation of the free surface (termination
on the figure) and a unit point spacing . The wave heights agree rather well wi th
those of reference 2, but the wave lengths are somewhat too long. Unfortunately,
this solution is sensitive to the magnitude of the numerical variables. Fig-
ure 7 shows free-surface shapes calculated by the present method for three
values of the downstream termination point XN. All three calculated shapes
have the same wave length (whi ch is somewhat in error) and the same locations

• of peaks and zeros . However , the wave height is evidently dependent on the
downstream termination point.

An effort to increase the accuracy of the calculated solution by reducing
the point spacing to Ax — 0.5 is shown in Figure 8. The wave height is
significantly overpredicted for the case with the flat extending to x0 - -10,
and aga in an erroneous “peak” at negative values of x is evident. Moving the
flat termination to x0 — -5 removes the bump and reduces the wave height, but
the wave height is still incorrect and the wave length is still in error. Thus
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the suppression of upstream waves is insufficient by itself. A numerical
• i naccuracy remains.

•1
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12.0 A NONUNIQ UENESS DUE TO NUMERICAL INACCURACY

It turns out that much of the above-described sensitivity of the results
• to the numerical parameters is due to a nonuniqueness arising from insufficient

numerical precision in the first-order formulation of the surface-singularity
technique. This can be illustrated by a sampl e calculation . An original shape
was selected that is flat from x = -30 to x = -10 and that has a wave-like
shape for x > -10. It is shown as a solid curve in Figure 9. Flow about this
shape in the presence of a uniform onset flow parallel to the x-axis was cal-
culated using a surface source distributi on and a point spacing Ax — 1. The
resulting surface velocity distribution was i nput into a program using surface
vorticity that was required to reproduce the surface velocity . If the problem
had a un ique solu tion , the resulting normal velocity distributi on should be
vanishingly small. Instead it was a periodic function with maximum value equal
to 5% of freestream velocity . When the shape was allowed to alter itself iter-
atively to produce both the prescribed tangential velocity and zero normal
veloc ity, shapes like those shown in Figure 9 were obtained for different down-
stream terminations . These differ from the original curve by amounts similar
to those of the preceeding figure. It is not a question of the finite length
of the sha pe, because termina tion at x ~ 50 give essen tiall y the same results
as that for x = 50 (Figure 9).

If the above procedure is carried out wi th the same point spacing using the
higher-order version of the surface singulari ty technique (references 1 and 4),
the magnitude of the normal velocity that expresses the degree of nonuniqueness
is reduced from 5% of freestream velocity to 0.5%. Thus , wi th some suitabl e
upstream point fixed , the iterated shape would be only about a tenth as far
from the original shape as the iterated shapes of Figure 9. This would be quite
acceptable accuracy, and it implies that use of the higher-order version is one
key to quanti tative accuracy of the present method.
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13.0 THE HIGHER-ORDER PROCEDURE

When the higher-order surface singulari ty procedure of reference 4 is
incorporated into the above-described global iteration procedure wi th Initial
flat , the result is a method that appears to be quite successfu l in predicting
free-surface shapes for the two standard vortex strengths K — +1 .15 and
K = -1 .4. Moreover , it appears to be stable with respect to the numerical
parameters xM, x0 and xN. Calcu lated results obtained with AX — 1 are
shown in Figures 10 and 11, respectively. The agreement of the wave shapes
obtained by the present method wi th those from reference 2, is es sentially
exact when due account is taken of the fact that the shapes from reference 2
have been calculated for a finite depth by a numerical procedure. The curve
of the present method in Figure 10 represents three graphically indistinguish-
able solutions obtained for the same three locations of downstream termination
that are shown in Figure 7. Figure 11 shows two barely distinguishable results
obtained for two downstream terminations. The calculation of Figure 10 was
repeated wi th the flat extending to x0 

= -6 instead of x0 
= -10 as in

Figure 10. The calculated free surface shape is virtually identical to that
shown in Figure 10.

To investigate the dependence of the solution on the spacing Ax , the
calcula tion for K = +1.15 was repeated using AX = 1.5 and Ax = 0.5. The
former gave a rather poor resul t with peaks 20% too low and a wave length 10%
too large. The smaller spacing produced a free-surface shape that agreed very
well with that of Figure 10 up to the negative peak at x = +25. Thereafter
there is some deviation , but that could be caused by the proximity of the down-
stream termination at x = +39, This case used 138 elements on the free surface .
A larger value of downstream termination could not be used because of limits
on the element nunter imposed by computer capacity. Thus it seems reasor~ble
to conclude that the higher-order solution is at least relatively insensitive
to the nume r ical parameter ~x for AX < 1 and that very good solutions are
obtained wi th Ax — 1 for the two standard vortex strengths . Apparently,
Ax = 1.5 is too large to give an accurate sol ution.
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14.0 LARGER VALUES OF VORTEX STRENGTH

As stated in Section 7.0, much of the present study concentrated on the
standard vortex strengths K = +1.15 and K = -1.4 because only reference 2
was available. Finally, however , not onl y reference 3, but a complete set of
numerical results for all vortex strengths that had been considered was
obtained from the authors of references 2 and 3. This permitted the present
method to be tested for greater vortex strengths and greater wave heights ,
for which nonlinearities In the free-surface problem are more important. Cal-
culations were performed by the present method for the following vortex strengths:

K = -1.7, -2.3, -2.7

K = +1.4 , +1.7 , +2.7

The strength K = +2.7 gives waves of such a height that the authors Of
references 2 and 3 feel they are on the verge of breaking.

Good results were obtained for the vortex strengths K — -1.7 and K = +1.4.
The accuracy obtained and the sensitivity to the numerical parameters tested
were only slightly worse than for the standard vortex strengths. This is illus-
trated in FIgure 12 for K = -1.7. The wave heights are approximately 0.40 and
0.47, respectively, for K = -1 . 7  and + 1 . 4 .

At K = -2.3 some nonlinear effects are evident in the numerical sol ution .
The free-surface wave varies from -0.48 to +0.52 after an initial peak of 0.62.
The iterative procedure of the present method is less stable for this case. It
is necessary to use a relaxation factor of ~ 

= 1/2 in equation (13) to obtain
convergence , as opposed to the val ue p = 1 used for the smaller vortex
strengths. Convergence to a normal velocity equal to 0.1% of freestream velocity
is obtained in 10 iterations and the soluti on is relatively insensitive to the
terminations XM. x0 and X N (Figure 2). The spacing Ax was not varied .
The accuracy obtained is not quite equal to that achieved at lower val ues of
K, as is illustrated in Figure 13. It can be seen that the calculated free-
surface shape erroneously rises to a value of about 0.07 inmiediately downstream
of the flat termination of x0 — -10. This is suggestive of upstream waves or
of a numerical problem at the flat termination.

21



~

—-
-

~ -- _______-• •

For K = +1.7 the present method encounters serious difficulty . The
numerical solution yields a wave that varies from -0.54 to +0.60 after an initial
peak of -0.56. As shown in Figure 14, the present method converges using a
downstream termination of X N 

= +39 and yields a fairly accurate free-surface
shape for one wave cycle. The second positive peak is seri ously overpredicted,
and the wave length is somewhat in error. A plausible assumption would be that
the downstream termination is too near the second positive peak and that increas-
ing this parameter would lead to an improved solution . Unfortunately, every case
attempted with downstream termination increased by at least one wave length
proved to be divergent. Vari ous values of the numerical parameters and the
relaxation factor were tried without success. It is possibly sign ificant that
the early iterations all had sizable peaks at negative values of x, which is
suggestive of upstream waves or numerical problems at the flat termination.

When the vortex st rength K = -2.7 was used the present higher-order method
diverged for all val ues of the numerical parameters and the relaxation factor.
The fi rst iteration for one attempt Is shown in Figure 15, where it is clear
that it has the proper wave-like character. Oddly the first-order procedure
did converge for this case but was rather inaccurate. Both versions of the
present method yield erroneous peaks at negative values of x.

For K = +2.7 the wave shape 0f the numerical solution varies from #1.25
to -0.93 and the positive and negative peaks are shapes qu ite differently from
each other (reference 3). Convergence of the present method was not attained.
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15.0 ATTEMPTS TO IMPROVE THE CALCULATION PR OCEDURE

Several attempts were made to improve the calculation procedure by elim-
m ating the peaks at negative val ues of x. These were of two types: alter-
nate calculation procedures near the flat termination and an upstream boundary
condition to suppress upstream waves.

Since the source strength on the free surface changes abruptly from a fin-
ite value on the flat to zero on the normal portion of the free surface, it was
hoped that a smoother solution could be obtained by removing the sources and
the normal velocity boundary condition . The resulting procedure diverged even
for K = +1.15.

The higher-order procedure obtains derivatives of the singularity strengths
by numerical differentiation (reference 4). Normally centered differencing is
used. To eliminate a possible cause of numerical error, one-sided differences
were used for the elements on either si de of the flat termination. The procedure
thus modified converged for the case K = +1.15 but gave a very poor solution.

To suppress upstream waves a vertical boundary was added at the upstream
end of the flat (xM in Figure 2). Along this boundary the downstream normal
vel ocity was required to be equal to the freestream velocity . In one formula-
tion the vertical extended from y = 0 to a large negati ve value of y. In a
second formulation the vertical was syninetric about the x-axis and extended from
a large positive value of y to an equally large negative value . Both formu-
lations gave divergence for a vortex strength K = +1.15 for various val ues
of the convergence factor.

Thus all attempts to Improve the method of Section 13.0 were unsuccessful .
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